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Abstract—We show that quantum query complexity satisfies
a strong direct product theorem. This means that computing k&
copies of a function with less than % times the quantum queries
needed to compute one copy of the function implies that the
overall success probability will be exponentially small in k. For
a boolean function f we also show an XOR lemma—computing
the parity of k£ copies of f with less than %k times the queries
needed for one copy implies that the advantage over random
guessing will be exponentially small.

We do this by showing that the multiplicative adversary
method, which inherently satisfies a strong direct product the-
orem, characterizes bounded-error quantum query complexity.
In particular, we show that the multiplicative adversary bound
is always at least as large as the additive adversary bound,
which is known to characterize bounded-error quantum query
complexity.

I. INTRODUCTION

A fundamental question in complexity theory is how
the difficulty of computing %k independent instances of a
function scales with the difficulty of computing the function.
Intuitively, if r resources are needed to compute a function f
with error probability 1/3, we expect that even with kr /100
resources we can only succeed in computing %k independent
instances of f with exponentially small probability. Proving
such a result is known as a strong direct product theorem.
While intuitive, for some models of computation such a
statement is simply false [1], and there are still relatively few
computational models where strong direct product theorems
have been shown. Notable examples of direct product-
type results include Yao’s XOR lemma and Raz’s parallel
repetition theorem [2]. Closer to our setting, strong direct
product theorems have been shown for one-way randomized
communication complexity [3] and for randomized query
complexity [4].

In this work, we show that quantum query complexity
satisfies a strong direct product theorem. For boolean func-
tions, we further show an XOR lemma. XOR lemmas are
closely related to strong direct product theorems and state
that computing the parity of k£ copies of a boolean function
with less than % times the resources needed to compute one
copy implies that the advantage over random guessing will
be exponentially small. XOR lemmas can be shown quite
generally to imply strong direct product theorems and even
threshold direct product theorems [5], which state that one
cannot compute a y fraction of the k copies with less than
wk times the resources with better than exponentially small
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(in pk) success probability. Thus in the boolean case we are
also able to obtain a threshold direct product theorem.

For classical randomized query complexity, in addition
to a strong direct product theorem, Drucker also showed
an XOR lemma and a threshold direct product theorem [4].
Thus for both randomized and quantum query complexity, all
the major open problems relating to direct product theorems
have now been answered. The techniques used by Drucker
are quite different from the ones used here.

A. Previous results for quantum query complexity

A result related to, but weaker than, a strong direct
product theorem is a direct sum theorem. These state that the
resources needed to compute k copies of a function are at
least k times the resources needed to compute the function—
with the same error parameter. A direct sum theorem is
known for quantum query complexity—it follows from results
of Ambainis et al. [6] that the adversary method obeys a
direct sum theorem and the fact that the adversary method
characterizes quantum query complexity [7], [8].

Strong direct product theorems in quantum query complex-
ity were previously known only for some special classes of
functions and bounds shown by particular methods. In the first
such result, Klauck, Spalek and de Wolf [9] used the poly-
nomial method [10] to show a strong direct product theorem
for the quantum query complexity of the OR function. Via
block sensitivity, this gives a polynomially tight strong direct
product theorem for all functions—namely, any algorithm
using less than a constant fraction times Q3 (f)Y/6 will
have exponentially small success probability for computing
k copies of f, where Qq/3(f) is the 3-error quantum query
complexity of f.

Sherstov [11] recently showed how certain lower bound
techniques based on looking at the distance of the function
to a convex set inherently satisfy a strong direct product
theorem. As an application he was able to show that the
polynomial method satisfies a strong direct product theorem
in general. Thus one obtains a strong direct product theorem
for the quantum query complexity of any function where the
polynomial method shows a tight lower bound. Super-linear
gaps between the polynomial degree and quantum query
complexity are known [12], however, so this does not give a
tight strong direct product theorem for all functions.

Direct product results have also been shown by the other
main lower bound technique in quantum query complexity,



the adversary method. The adversary method defines a
potential function based on the state of the algorithm after
t queries, and bounds the change in this potential function
from one query to the next. By developing a new kind
of adversary method, Ambainis, Spalek, and de Wolf [13]
showed a strong direct product theorem for all symmetric
functions. Spalek [14] formalized this technique into a generic
method, coining it the multiplicative adversary method,
and showed that this method inherently satisfies a strong
direct product theorem. The name multiplicative adversary
contrasts with the additive adversary method, introduced
earlier by Ambainis [15] and later extended by Hgyer, Lee
and Spalek [16]. The additive adversary method bounds the
difference of the potential function from one step to the
next, while the multiplicative adversary method bounds the
corresponding ratio.

B. Our results

There have recently been great strides in our understanding
of the adversary methods. A series of works [17], [18], [19],
[20], [21], [7], [8] has culminated in showing that the additive
adversary method characterizes the bounded-error quantum
query complexity of any function whatsoever. Ambainis
et al. [22], answering an open question of gpalek [14],
showed that the multiplicative adversary is at least as large
as the additive. Thus the multiplicative adversary bound also
characterizes bounded-error quantum query complexity.

This seems like it would close the question of a strong
direct product theorem for quantum query complexity. The
catch is the following. The multiplicative adversary method
can be viewed as a family of methods parameterized by
the bound c on the ratio of the potential function from one
step to the next. The strong direct product theorem of [14]
holds for any value of ¢ sufficiently bounded away from 1.
The result of [22], however, was shown in the limit ¢ — 1,
which ends up degrading the resulting direct product theorem
into a direct sum theorem. We show that the multiplicative
adversary is at least as large as the additive adversary for a
value of ¢ bounded away from 1 (Claim III.17). A similar
result was independently proved by Belovs [23]. Together
with the strong direct product theorem for the multiplicative
adversary by [14] this suffices to give a strong direct product
theorem for quantum query complexity. Rather than use this
“out of the box” strong direct product theorem, however,
we prove the strong direct product theorem from scratch
using a stronger output condition than those used previously
[14], [22]. This results in better parameters, and a better
understanding of the multiplicative adversary method.

Theorem 1.1 (Strong direct product theorem). Let f : D —
E where D C D™ for finite sets D, E. For an integer k > 0

define fO) (zt, ... %) = (f(zb),..., f(z*)). Then, for any

(2/3)<d6<1,

1)
Q1 _gk/2 (f(k)) > % “Qua(f) -

In the boolean case, we prove the following XOR lemma

which also implies a threshold direct product theorem
(Theorem V.5).

Lemma L2 (XOR Lemma). Let f : D — {0,1} where
D C D™ for finite set D. For an integer k > 0 define

[P (@1, .. a,) =, f(z;) mod 2. For any 0 <6 <1,
ko
Qu_srr2y 2 (f&F) = 3000 Q1/4(f) -

C. Proof technique

While the statement of our main theorems concern func-
tions, a key to our proofs, especially for the XOR lemma, is to
consider more general state generation problems, introduced
in [22]. Instead of producing a classical value f(x) on input
x, the goal in state generation is to produce a specified
target state |o,), again by making queries to the input z.
We will refer to o(z,y) = (0;|oy) as the target gram
matrix. Evaluating a function f can be viewed as a special
case of state generation where the target gram matrix is
F(x,y) = 6(a),f(y)> Where d4, denotes the Kronecker delta
function.

Our most general result (Theorem IV.1) shows that for
a restricted class of target gram matrices o, to generate
o®* with better than exponentially small success probability
requires at least a constant fraction of k times the complexity
of 0. The strong direct product theorem is obtained as a
special case of this theorem by considering the gram matrix
F(z,y) = 0¢(a),f(y)- To obtain the XOR lemma, we apply
this theorem with the state generation problem of computing
f in the phase, that is to generate o (x,y) = (—1)/(@+/W),
The advantage of considering this state is that Jf?k is the
state generation problem corresponding to computing the
parity of k copies of f in the phase. We then show that
the complexities of f and the state generation problem of
computing f in the phase are closely related.

Another key element of our proofs is a new characterization
of the set of valid output gram matrices for an algorithm
solving a state generation problem with success probability
1 — e (Claim III.8). We call a condition which defines a
set containing this set of valid output matrices an output
condition. Usually a lower bound uses an output condition
which is a relaxation of the true output condition, and shows a
lower bound against all gram matrices satisfying this relaxed
output condition, and thereby all valid output matrices as
well. Examples of output conditions previously used with the
adversary bound include being close to the target gram matrix
in distance measured by the /., or 72 (see Definition 11.4)
norms. These output conditions, however, do not work for
small success probabilities, which is critical to obtain the
strong direct product theorem.



We give a new characterization of the true output condition
in terms of fidelity. We then relax this condition by replacing
the fidelity between quantum states by the fidelity between
probability distributions arising from a measurement on
those states. The key observation is that a witness for the
adversary bound of the problem is a hermitian matrix, which
can be interpreted as a physical observable that can be
measured. Since the fidelity between two quantum states
is lower bounded by the fidelity between the probability
distributions arising from any measurement on those states,
a relaxation of this output condition may be obtained by
considering the measurement corresponding to an optimal
witness for the adversary bound of the problem. A lower
bound on the multiplicative bound under this relaxed output
condition can be written as a linear program. By taking
the dual of this linear program we are able to lower
bound the value on ¢®* in terms of the bound for o by
using a completely classical claim about product probability
distributions (Corollary III.13). This approach allows us
to obtain a cleaner statement for the strong direct product
theorem than what we would obtain from the output condition
used in [14], [22], and also clarifies the inner workings of the
adversary method, which might be of independent interest.

II. PRELIMINARIES

Let R(z) denote the real part of a complex number z.
Let 64,5 denote the Kronecker delta function. We will refer
throughout to a function f : D — E where D C D"
for finite sets D, E. We let f(*) : D¥ — E* be the
function computing k independent copies of f, namely
FE (@ xRy = (f(xh),. .., f(zF)). We let f&* denote
the parity function composed with f(*). We also define
some auxiliary matrices associated with f. Let F(z,y) =
O¢(2),f(y)» and Ay(z,y) = 0z, for z,y € D and i € [n].
For boolean functions, i.e., when |E| = 2, we also define
the matrix o (z,y) = (—1)/@+/W) for , y € D. Note that
o = 2F — J, where J is the all-1 matrix. We use Ao B
for the entrywise product between two matrices A, B, also
known as the Schur or Hadamard product.

For a probability distribution p, we use E 4. ,[g(A)] for
the expected value of g(A) when A is chosen according to
.

Let p, o be two |D| x |D| positive semidefinite matrices
such that Tr(p) = Tr(o) = 1 (i.e., quantum states on a |D|-
dim Hilbert space). Fidelity is one way to measure how close
p,o are, and is very useful for dealing with bounded-error
query algorithms.

Definition IL1 (Fidelity). F(p,0) = Tr\/\/po~/p.

For classical probability distributions p, ¢ we will abuse
notation and simply write F(p, ¢) for F(diag(p), diag(q)),
where diag(p) is a diagonal matrix with the entries of p
along the diagonal. A positive operator valued measurement
(POVM) is a set of positive semidefinite operators {E; } such

that ). IJ; = I. We will make use of the following property
of fidelity (see section 9.2.2 of [24]).

Lemma IL.2. Let p, 0 be quantum states and {E;} a POVM.
Then F(p,0) < F(p,q), where p,q are the probability
distributions obtained from measuring {E;} on p,o, ie.
p(i) = Tr(pE;), q(i) = Tr(o Ey).

We will use the notion of relative entropy for a two-
outcome event.

Definition IL.3 (Relative entropy). For 0 < A < 1 and
0 < p < 1, we denote by D(\||u) the relative entropy
defined as follows

D(\||p) = A2y (1 —/\)mi_—A .
7]

where 0ln0 = 0.

Finally, for a |D| x |D| matrix A we will also use the
factorization norm ~y2(A).

Definition II.4 (Factorization norm).

_ . 2 2 .
2(4) = min  {maxmax {|u) | [0.) )} -
[ua),|ve)€C™

Am,y = <ur|vy> Va,y € D}
1A o fu) {olffer -

= max
u),lv)
) I=[llv)ll=1
Note that v, is a norm and therefore obeys the triangle
inequality 72(A + B) < 72(A) + 72(B).

A. Quantum query complexity and state generation

The quantum query complexity of f, denoted Q.(f) is the
minimum number of input queries needed to compute f with
error at most €. We refer to the survey [25] for definitions
and background on this model.

Although our main interest will be in the query complexity
of functions, it will be useful to also talk about state
generation problems, introduced in [22]. Instead of producing
a classical value f(z) on input z, the goal in state generation
is to produce a specified target state |0, ), again by making
queries to the input x. As unitary transformations independent
of the input can be made for free in the query model, a state
generation problem is wholly determined by the gram matrix
o(z,y) = (og|oy) of the target states {|o,)}rcp. We refer
to o as the target gram matrix.

State generation problems come in two variations, coherent
and non-coherent. An algorithm P solves the coherent
quantum state generation problem o with error at most € if,
for every x € D, it generates a state |P(z)) € H ® H' such
that R((P(z)|(|o) ®]0))) > /1 — €, where H’ denotes the
workspace of the algorithm, and |0) is a default state for
H'. The coherent quantum query complexity of o, denoted
Q¢(o) is the minimum number of queries needed to generate
o coherently with error at most e.



An algorithm P solves the non-coherent state generation
problem o with error at most € if there exists a set of states
|¢) € H' such that R((P(z)|(|oy) ® |¢z))) > v/1 — € for
all x € D. We denote by Q.(o) the non-coherent query
complexity of generating o with error €.

Evaluating a function f can be seen as a special case of
non-coherent state generation where the target gram matrix is
F(z,y) = 64(x),£(y)- In other words, Qc(f) = Qc(F') where
F(x,y) = 6f(x),f(y) justifying our abuse of notation.

Clearly Qc(0) < Q¢(0). In general, it is easier to lower
bound the coherent quantum query complexity, but more

interesting to lower bound the non-coherent complexity.

Luckily for state generation problems corresponding to
functions the coherent and non-coherent complexities are
closely related as shown in the next two claims.

Claim ILS5. Let f be a function. Then
Qe(F) < Q(F) <2Q,_ g—(F) .

Proof: The lower bound holds for a general target gram
matrix o, as the success condition in the coherent case implies
the non-coherent one.

For the upper bound, let A, be an algorithm computing
f (x) with success probability 1—n. Let p = | E| be the size of
the output set, which we assume to be £ = {0, ...,p—1} for
simplicity. In what follows, + will denote addition modulo p
when applied on elements of E. Thus the algorithm applied
on |0)|0), where the first register is the output register and
the second register corresponds to some workspace initialized
in a default state, prepares a state

A]0)[0) =D ajli + F(@) b)),
JEE
where by assumption |ag| > /1 — 17, and the states |¢;)
describe the final state of the workspace register. Let us
now copy the output register into an additional register
initialized in the state |0) using an addition gate G, and
finally uncompute the original output register together with
the workspace by using the algorithm A, in reverse.

We analyze the overlap of A;'GA,[0)[0)|0) with
|0)|0)|f(z)). After applying G on A,|0)|0)|0), we have
the state [v) = 3,0, a5l + (@) + F(2)). Now
we look at the overlap of [0)[0)|f(z)) with A, ![v) or,
equivalently, the overlap of A,|0)|0)|f(z)) with |v). Since

A |0)[0) £ (2)) = D ali + F@)) ) f (@),

JEE
we have
(0101 (f ()| A5 o) = Z o *(f(@)]d + f(2)) = 1—n.

Therefore, this algorithm coherently computes f(x) with
success probability 1 — € > (1 — 7)2. Inverting this relation,
we obtain n > 1 — /1 —e. [ |

We will also consider another type of state generation
problem associated with a function, that of computing the
function in the phase. For a boolean function f : D —
{0,1} let o4 (,y) = (—1)7@)+/¥)_ While the non-coherent
complexity of o is trivial, the coherent complexity of o is
closely related to that of F'.

Claim II.6.

Qfl_m)/2+e/4(F) < Qi(of) < 2@(1—\/17—6)/2(1?) .

Proof: For the lower bound, we turn an algorithm for
oy into an algorithm for F' = (J + 0¢)/2 by the following
standard technique: we introduce an ancilla qubit prepared
in the state (|0) + |1))/v/2, apply the original algorithm
conditionally on this ancilla being in state |1), and then
apply the Hadamard operator H on the ancilla qubit. The
error dependence then follows from the joint concavity of
the fidelity:

., 11
F (552 0w, 2 0““*)25 + 5 F (pouu’ oy ouu’)

for any u.

For the upper bound, let us consider an algorithm A,
computing f(x) (in a register) with success probability 1 — 7.
Thus, the algorithm applied on |0)|0), where the first register
is the output register and the second register corresponds to
some workspace initialized in a default state, prepares a state

AO)0) = D ayli + f@))),

je{0,1}

where by assumption |ag| > /1 — 1), and the states [¢;)
describe the final state of the workspace register. Let ® be a
phase gate acting on the output register as |b) — (—1)()[b).
We can turn an algorithm A, computing in a register into
an algorithm computing in the phase by first applying A,
to compute the output, then applying the phase gate ®, and
finally applying A, ! to uncompute the output.

After applying ® on A,|0)|0), we have the state
®A,|0)|0) = Zje{o,1}(_1)J+f($)O‘j|j + f(@))[¥;). Now
we look at the overlap of (—1)7(#)|0)|0) with A, *®A,|0)|0)
or, equivalently, the overlap of (—1)7(*)A4,]0)|0) with
®A,|0)|0). We have

(1) 0[(0]A; '@ AL[0)[0) = > (=1)7|oy|* > 1—2n.
je{o,1}

Therefore we obtain a success probability 1 — e > (1 — 2n)2.
Inverting this relation, we obtain n > (1 — /1 —¢€)/2. N

III. ADVERSARY METHODS

In this section we introduce both the additive and multi-
plicative adversary lower bound methods. Even when one is
only interested in the functional case, it is useful to view these
methods as lower bounds on quantum state generation as this
allows the separation of the method into two distinct parts.



The first part is a lower bound on exact coherent quantum
state generation. This is where the two methods differ. The
second part is the output condition, a minimization of the
bound for exact coherent quantum state generation over all
valid output gram matrices. The set of valid output gram
matrices is determined by the target gram matrix o, the error
parameter e, and whether one is considering coherent or
non-coherent state generation. This second step is common
to both the additive and multiplicative methods. Finally, we
show that the multiplicative bound is at least as large as the
additive bound.

A. Additive method

We first review the derivation of the additive adversary
method to compare it with the multiplicative method in the
next section. We will actually present a generalization of the
additive adversary method due to [8].

Consider an algorithm that exactly and coherently gener-
ates the target state o, by making T queries to the input
x, for all x € D. Let |[¢!) be the state of this algorithm
on input z after ¢ queries, and p*(z,y) = (L |¢) be the
corresponding gram matrix. Note that p° = J, the all ones
matrix, and, by assumption, p” = o.

Now let I' be a matrix, v a unit vector, and consider
the potential function ®(¢) = Tr((T o p*)vv*). The additive
change in this potential function from the beginning to the
end of the protocol is

T—1
T((Do (J = o))oo™) = 3 Tr((T o (o — p*1))ow)
t=0
< Tm?XTr((I‘ o(p' — pt))ov*) .
A standard argument (see, for example, [16]) then goes that
if we impose the condition on I' that
I+To(J—A;)>=0forallice[n],

then Tr((I' o (p* — p**1))vv*) < 2, for all ¢ and unit vectors
V.

As this argument holds for any I' and v, we can maximize
over them leading to the following definition.

Definition II1.1 (Additive adversary method [8]).
[To(J—o
subject to I+To(J—A;)=0Vie€|n]

Adv*(¢) =maximize
r

where the maximization is over |D| X |D| hermitian matrices
T.

The preceding argument shows the following.
Theorem IIL.2 ([8]). For any target gram matrix o,

. Adv* (o)
Qo) > 9

[8] have also shown that this lower bound is tight for the
bounded-error query complexity of functions.

Theorem IIL3 ([8]). For any function f,
Q1/4(f) < 1000- Adv*(F) .

Up to the constant factor, this upper bound holds more
generally for well-behaved state generation problems. A state
generation problem is well-behaved if the query complexity
Qc(o) does not depend dramatically on the error e, that is if
Q1/4(0) = O(Qc(0)) for any small constant €. This property
holds for the query complexity of any function, but does not
hold in general for state generation problems.

Remark III.4. The adversary bound Adv* from [16] was
originally defined in the functional case, that is, for target
gram matrices F of the form F(x,y) = 0¢a), f(y) Jor a
function f. This definition had an additional constraint that
I' o F = 0. This constraint only affects the bound up to a
multiplicative factor of two [8].

AdvE(F) < Adv*(F) < 2AdvE(F) . (IIL.1)

The constraint ToF = 0 allows one to show that Adv:(F) /2
is a lower bound even on the non-coherent complexity of
generating F. One can see that Adv™ (F') /4 is a lower bound
on the non-coherent complexity of generating F' either by
Eq. (II1.1) or by Claim I1.5 showing that the coherent and
non-coherent state generation complexities of functions are
related by a factor of two.

B. Multiplicative adversary method

The multiplicative bound is derived by considering the
same potential function ®(¢), but looks at the ratio of this
function at the beginning and end of the protocol, rather than
the difference. Equivalently, one can consider the logarithmic
potential function In(®(¢)) and again look at the additive
change over the course of the protocol. To ensure that the
argument to the logarithm is positive, we now restrict the
maximization to matrices I' > 0.

Definition IIL.5 (Multiplicative adversary method).
Madv(o) = sup.~g Madv'® (¢), where

© () — L .
Madv'“ (o) () maximize In (Tr((T 0 0)vv™))
subject to Tr(Tvv*) =1

cflijoAichforallie[n] ,

and the maximization is over |D| x |D| positive definite
matrices I and unit vectors v. We will refer to a matrix
I > 0 satisfying c'T' < ToA; < cT foralliasa
multiplicative witness.

Theorem II1.6 ([14], [22]). For any state generation problem
ag,
Madv (o)

Qi) >~



Proof: Consider an algorithm that coherently generates
o by making T queries, and define a potential function
®(t) = Tr((T o p*)vv*), where ' = 0. Then

®(T) _ Tr((Poojvv*) _ Tlif Tr((T o pt1)ov*)
®(0) Tr((T o J)vv*) Tr((T o pt)vv*)
Tr((C o pt*h)ov )\~
= <m?x (T o pJvo7) )

Analogously to the additive bound, we now show that the
constraint ¢ 'T' < T o A; < ¢ T for all i € [n] implies

T t+1 *
(T o )
t Tr((T o pt)vv*)

This argument is very similar to proofs in [14], [22] so
we only sketch the idea here. Recall from [22] that we
can assume that there are only two types of queries, called
computing and uncomputing queries (this restriction can
only increase the query complexity by a factor at most 2,
hence the factor 1/2 in the final lower bound). Let us first
consider a computing query. Let [¢)! ;) = Pi|¢}), where P;
is a projector onto the query register containing index ¢, and
pi(x,y) = (YL ;4L ;). We can decompose the state before
the ¢-th query as p' = ", pl, and the state after the query
as p't1 = 3" pt o A;. The condition I'o A; < ¢ I' then
immediately implies that

Tr((T o p"™)vw*) < ¢ Tr((T o pH)vv™) .

For uncomputing queries, the roles of p! and p!t! are

interchanged, and we obtain the same conclusion from the
constraint I' < ¢ I"o A;. [ |

Remark II1.7. The constraints on I given here are expressed
differently from [14], [22], the latter using the constraint
ITY2(T 0 A)~2|° < ¢ and ||(T 0 A)YV2T12|° < e It
is straightforward to show, however, that these conditions
are equivalent to ¢TI <ToA; <ecl.

When the value of c is fixed, the multiplicative bound
becomes a semidefinite program. Indeed, setting W = T'ovv*,
we have:

Madv'9(¢) =

() maximize In (Te(Wa))

Tr(WJ)=1
W WoA; =cW foralli € [n] .

subject to

Thus we can view the multiplicative adversary bound as a
maximization over semidefinite programs.

C. Output condition

Thus far, we have seen lower bounds on the problem of
exact coherent state generation. To obtain a lower bound in
the bounded-error setting—coherent or non-coherent—one
can minimize the exact coherent bound over the set of valid
final gram matrices of a successful algorithm.

We will restrict our discussion to the coherent output
condition. As our main results are for functions, by showing
lower bounds on the coherent state generation problems F
and o associated with a function f, we obtain lower bounds
on the query complexity of f by Claim II.5 and Claim II.6.

Recall that a successful coherent e-error algorithm P for
the set of target vectors {o,} must satisfy R((P(x)|(|o,) ®
|0))) > +/1—€ We can equivalently rephrase this as
RU(P(2)|V (Joz) ®1]0))) > /1 — € for some unitary V. This
can be done as the unitary V' can be appended to the algorithm
at no extra cost, and this formulation has the advantage that
it only depends on the gram matrix o of the vectors {0, }
and the gram matrix o’(z,y) = (P(x)|P(y)), rather than
the vectors themselves.

The set of o’ satisfying this condition can be hard to deal
with, so previous works have typically relaxed this condition
and used an output condition that defines a larger, simpler
set. For example, the original Ambainis output condition
minimized over o’ satisfying (. (c — 0’) < 2+/€ for error
parameter €. A stronger output condition based on the 5
norm that vo(0 — ¢’) < 24/e was introduced in [16]. As
~Y2(v) > £ (v), this output condition defines a smaller set.
The 72 output condition was later shown to be approximately
tight in the sense that if v2(0 — ¢’) < ¢, then there is a
unitary V' such that (o,|V|o)) > 1 — 2/e for all z [8].
While approximately tight in the bounded-error setting, this
condition is not strong enough for proving strong direct
product theorems, where we need to obtain non-trivial bounds
for exponentially small success probabilities.

Here we work with the full output condition and express
it in an alternative form that is easier to handle. As a side
effect, our new characterization provides an alternative proof
that the v, output condition is tight in the bounded-error
setting, and improves the parameters given in [8].

Claim IIL8. Let {|a;)},{|bz)} be two sets of vectors, and
p, 0 their corresponding gram matrices.
max min R((az|V|bs))
° \ ) (I11.2)
= IHnl”n F(pouu*,ocouu®) ,
u:||ul|=1

where the maximization is taken over all unitaries V.

Proof: By writing the left hand side as a semidefinite
program and taking the dual one can show that

m‘gxmin R({az|V]bs))

u:mll‘rlzlm‘?x (Tr( ;W Ilaz)(bz1))

Letting D(u) be a diagonal matrix with entries given by
u, we can rewrite the right hand side of this last expression
as

max min R®({a;|V|bz)) = i [AD(w)(BD(w))" [l



where A = 3 |a,)(z| and B = > _|b,)(x|. Since p =
A*A, 0 = B*B and p o uu® = D(u)*pD(u), the claim
follows using
XY™ o = (X X) 2 (YY) 2|

and the definition of the fidelity F(X*X,Y*Y) =
(X X) V2V Y )2 . u

The following quantities then give lower bounds for e-error
coherent quantum state generation:

Definition II1.9 (Additive and multiplicative bounds).
Adv (o) = min Adv*(p)
P
Madv, (o) = min Madv(p),
P

where both minimizations are over gram matrices p such
that
min F(pouu*,couu’)>+v1—e€ .
u:f|lul|=1

In light of Claim III.8, we can slightly improve one of the
bounds in [8, Lemma 4.8], which compares the tight output
condition based on the fidelity to the output condition based
on the factorization norm ~s.

Claim IIL10. Let {|a.)}, {|b:)} be two sets of vectors, and
p, 0 their corresponding gram matrices. Say that \/1 — € =
maxy ming R((a,|V'|bs)), where the maximization is taken
over all unitary matrices V. Then

1
l-Vi-e<omlp—o) < Ve,

Proof: This directly follows from Claim III.8 and the
relation between the trace distance and fidelity.

IN

1 *
Lo~ ) 0wt
V1= F(pouu,oouu)? .

|

Note that a multiplicative witness I yields a good zero-

error multiplicative adversary bound if Tr(I'(o o vv™*)) is

large. To obtain a bound for e-error algorithms, we need to

show that Tr(I'(p o vv™)) remains large for any gram matrix

p such that F(pouu*, oouu*) > /1 — e for all unit vectors
u. The following lemma will be useful.

1—F(pouu™,oouu®)

IN

Lemma IIL.11. Let p, q be two distributions for a discrete
random variable A taking values in R~ (where R~ denotes
the set of positive reals). If F(p,q) > /6, then

EqqlA] 26 (EAHP[A_I])_l :

Proof: Let p; = Prac p[A =a;] and ¢; = Pra4[A =
a;]. We need to lower bound the value of the following
optimization program:

qui subject to  F(p,q) > V.

minimize
qi>0: >, qi=1

Introducing vectors |u) = >, \/pi|i) and [v) = >, \/Gil7),
and letting D(A) be a diagonal matrix with the support of
A along the diagonal, this can be rewritten as

r\nl)nl‘m'rluizle (v|D(A)|v) subject to  [(u|v)]* > 6

= minimize Tr[D(A)p] subject to Tr[|u)u|p] > I.
p>=0:Trp=1
This is a semidefinite program, whose dual can be written as

mz}ﬁignize Ad + p subject to D(A) = Mu)u| + pl.
>0,u

Setting p = 0, this is at least

) ma:;\ci;gize A subject to  D(A) = Mu)ul.

Let |w) = >, +/pi/a;|i). The constraint is equivalent to
I > Mw)w|, which in turn is equivalent to )\H|w><w£H =
)\||w||2 < 1. The lemma then follows from |w||” =
Sipia; . ]

To apply this lemma, we need an upper bound on
E4«p[A7Y. In our applications, we usually do not know
explicitly the distribution p, but we do know its expectation
and the extremal values in its support. The next claim allows
us to upper bound E 4. ,[A7!] in terms of these quantities.

Claim IIL.12. Let 0 < ag < a < ay, and A be a random
variable taking values in a finite set S C lag,a1]. If
EA<—p[A} = a, then EAHP[A_l] < @otai=a

- aopai

Proof: E s ,[A™] is at most the value of the following
linear program:

maximize E paat

Pa>0
a€S
subject to Zpaa =a, Zpa =1.
a€s a€S

The dual program can be written as

minimize A — ap subject to  pa® —Xa+1 <0 Va € S.
S

Since ag < a < aq, the constraint is satisfied for A = “g:—aall

and p = aolal , which leads to EAHP[A’l] < % [ ]
Putting the last two claims together, we get the following

corollary which is key to our strong direct product theorem.

Corollary IIL.13. Let a1 > ag > 0 and p be a distribution
for a random variable A taking values in [ag,a1]. If
EacplA]l = @ and q is a distribution over (Rsq)® such
that F(p®*,q) > /6%, then

daga F
k 01
Eay,.aneqIiz1Ar) > (W)



D. Comparison of the adversary bounds

We first give a variation of the result by [22] that the
multiplicative adversary bound is stronger than the additive
bound. The main difference with [22] is that this claim relies
on the bound Adv*(c) which is potentially stronger for
general quantum state generation problems.

Claim IIL.14 ([22]). For any state generation problem o
Madv(c) > Adv* (o).

Proof: Let T be an optimal witness for Adv*(c) = b,
and v be the principal eigenvector of ' o (J — o). Note that
we may assume without loss of generality that v corresponds
to a positive eigenvalue of T'o(J —¢). Let IV =T — Tr((T' o
o)vv*)I, and notice that I is also a witness for Adv* (o) =
b, satisfying Tr(I"vv*) = b and Tr((I” o o)vv*) = 0. Let
d = ||IT|| and note that d > b. Finally, for x > 0 a small
constant to be chosen later, define Ty, = (I+x(dI-T"))/(1+
k(d—b)). Therefore, we have Tr(T',,vv*) = 1 and Tr((T',,, 0
o)ov*) = (1 + kd) /(1 + k(d — b)).

We now show that the condition ¢~'T,,, < I',,,0A; < [},
is satisfied for ¢ = 1 4+ k. We show (1 + k(d — b))(T'y, ©
(cA; — J)) = 0 which implies T';, o (¢A; — J) > 0 as
1+ k(d—0b) >

(1+£(d = 0))(Tm o (cA; = J))
(1+Kld —HF/)O((AZ—J)—FK/AL)
=k(I+T" 0o (J—A))+K*dI-T")oA; .

+

From the constraint of the additive metric we know that
I+T'o(J—A;)>=0forallie[n]. Alsoas dl —I" =0,
taking the Hadamard product with A; > 0 gives (dI — ) o
A; = 0. Therefore, we have I';,, o (cA; — J) = 0. One can
show I, o (¢J — A;) > 0 in a similar fashion. This implies
that I',,, is a witness for

Krd
In (1+1:Ed—b))

Madv(o) > (1 + )
As the above argument holds for any x > 0, the claim follows
as
In (it
k=0t In(l+4 k) =b.

|

Adapting results from [14], [22], this implies a strong
direct product theorem for Madv(c) as long as the bound is
obtained for ¢ = 14 Q(1/Adv*(¢)). Unfortunately, showing
that we can take ¢ bounded away from 1 requires bounding
d =T,
state generation problem o. In general, we can only use
this statement in the limit ¢ — 1, in which case the direct
product theorem degrades into a direct sum theorem. This is
why [22] were not able to conclude a strong direct product
theorem. We observe that for interesting cases such as F’

or oy, we can bound the norm of the witness I". Note that
every entry of J — F is either 0 or 1, and similarly every
entry of J—o is either O or 2. For state generation problems
with this property, we can show the following theorem.

Claim IIL15. Suppose that Adv*(c) = b and that every
entry of J — o is either O or \, for some real number \.
Then there is a matrix T witnessing Adv* (o) > —A2

Y2(J—0)
such that |TV|| = and T o (J — o) = AT

b
y2(J—0)

Proof: Let T' be an optimal witness for Adv* (). Define
I = (y2(J —0)) Y (T'o(J —0a)). All entries of J — o being
either 0 or A gives the property (J—o)o(J—0c) = A(J—0).
Thus IV o (J — o) = AI". This implies that I is a feasible
witness as

Mo (- A < 2=y,
72(J = 0)

since ||[A o B|| < v2(A)-||B|| for any A, B of the same size.

Furthermore, ||IV|| = b/~2(J — o) and I"" witnesses a bound

of A|[TV|| = Xb/v2(J — o). ]

For certain state generation problems including F' and

oy we are thus able to obtain a quantitative version of
Claim III.14.

o(J—Al<1

Claim IIL.16. Suppose that every entry of J — o is either
0or A €R, and let d = (y2(J — o)) "LAdv* (o). Then, for
any k > 0, there is a multiplicative witness 1., and a vector
v such that

Tr(Tvv") =1
Tr(Ty, (0 cvv™)) =1+ Akd
I =T, < (1+2kd)I,
¢y, =Ty oA; < e Ty, forall i,

where ¢ = 1 + k. Therefore 'y, satisfies the constraints of
Definition 1I1.5 and witnesses that

Madv(o) > In(1 + Arnd) .
In(1+ k)

Proof: From Claim IIL.15, there exists I' witnessing
Adv*(o) > Ad such that ||T'|| = d. Let v be the principal
eigenvector of I', and I';,, = I + k(dI —T"). Note that we
may assume without loss of generality that v corresponds to
a positive eigenvalue of I'. Therefore, we have I',,, =~ I and
Tr(Tpov*) = 1. As T'o (J — o) = AT, it follows that v is
also a principal eigenvector of I"o (J — o), and the objective
value achieved by I' is Tr(I'((J — o) o vv*)) = Ad. Thus
Tr(T(covv*)) = (1—A)d and Tr(T,, (o ovv*)) = 14+ Akd.
The third condition follows from —dl <X T <dI.

The fact that the condition ¢~ 'T,,, < T,, 0 A; < ¢I',,, is
satisfied for ¢ = 1 + x follows by the same argument as in
the proof of Claim III.14. [ ]

We can now show that the bound for Madv(c) can be
obtained with ¢ = 1+ Q(1/Adv*(0)).



Claim IIL.17. Suppose that every entry of J — o is either 0
or A € Ryq. Then, there exists ¢ > 1 + ﬁ*(g) such that

A
Madv(® (0) > §Adv*(cr) .

Proof: Note that if J = o, then Adv* (o) = 0 and there
is nothing to prove. Therefore, we may assume that J # o, in

which case there must exist an entry of J — o equal to A > 0.

This implies that v2(J — o) > A. By the triangle inequality,
we also have v2(J — ) < y2(J) + y2(0) < 2 (the fact that

v2(0) < 1 follows from the factorization o, , = (0;|0y)).
The claim then follows from Claim III.16 with k = 1/Ad.

IV. STRONG DIRECT PRODUCT THEOREM

We first prove the following theorem, which will lead to
both the strong direct product theorem and the XOR lemma
in the boolean case.

Theorem IV.1. Let 0 be a gram matrix for a state generation
problem such that all entries of J — o are either 0 or )\, and
let d = (yo(J — 0))~tAdv* (o). Then for any k> 0

k1n (5%)

2In(1 + k)

Tk (U®k) B

Proof: Let v, I, satisfy the conditions in Claim III.16.

As a witness for 0®% we take 9. Let us first see that this
matrix satisfies the multiplicative constraint with the same
value c =1+ k.

We label the constraint matrices A, , for c®* by p €
[k] and q € [n]. These are |D|*-by-|D|* matrices where
Apg((at,. ., x%), (¥, ..., y")) = 8,z . In other words,
Apyg=JP1@A,®J% P Thus T® oA, , =T 1
Dymol, ®@T8EP, Since ¢ 1T, < T,0A, < ¢ T, for all
p € [n], and obviously ¢cT,,, X T, < ¢ T,, for ¢ > 1, we
immediately have

ITRF TR oAy X e TR

for any p € [k], ¢ € [n].
To lower bound the objective value we lower bound

Madv;_ s (0®%) > min Tr(TE*(p o (vo*)®*)),
P
where the minimum is over positive semidefinite matrices p
such that po I = I and
min F(p o uu*, 0®* o uu*) > §%/2.
In particular, this will hold for « = v®* and we can apply
Corollary II1.13 with p being the distribution arising from

measuring I',, on o o vv*, and ¢ the distribution arising
from measuring I'€* on p o (vv*)®*. Explicitly, write T',,,

in terms of its eigenvalue decomposition as ., ;& X&|.

Then define the distribution p over the eigenvalues {a;}
of 'y, as p(a;) = Tr(|€;X&;|o o vu*). Similarly, define ¢

as a distribution over k-tuples of eigenvalues (o, ..., ;)
of I' as Q(ailv s 7aik) = Tr(|511><£11| Q- ® |§H><§Zk ‘p ©
(vv*)®%). By Lemma I1.2, as F(po (vv*)®* (g ovv*)®F) >
6%/2, we also have F(p®*, q) > §%/2. The properties of T,
given in Claim III.16 give that the extreme values of the
support of p are ay = 1, a1 = 142kd, and the expected value
is @ = 1+ Axd. Putting these parameters into Corollary II1.13
gives

k
IO (po (001)) 2 0 (1 s )

and in turn

Kd
kln(‘slﬁf:;i%zﬂ\))

Madv;_ g (c®* _
advy_g (7 - In(1+ k)
|
We then obtain the following strong direct product theorem
for the quantum query complexity of any function (boolean
or not).

Theorem IV.2. For any function f, any 2/3 < § <1 and
any integer k > 0, we have

Q1_sr2(f¥)) >

Proof: Recall that F(z,y) = (f(x)|f(y)). Thus all
entries of of J — F are either 0 or 1 and J — F’ satisfies the
condition of Theorem IV.1 with A\ = 1. This factorization
of F also shows that v2(F) < 1, and so y2(J — F) <
Yo(J) 4+ v2(F) < 2. Applying Theorem IV.1 with A = 1 and
k = 1/d, we obtain

Eﬂ?ﬁgéfglzxdv*(zvy

k1n(38/2)

QI st (FPh) 2 —— == Adv"(F).
This lower bound is for computing f*) coherently, and we
obtain the lower bound for f(*) using Claim IL5. |

V. BOOLEAN FUNCTIONS
A. XOR Lemma

We now focus on boolean functions. Before proving the
XOR lemma, we prove a strong direct product theorem
for the problem of computing a function in the phase. Let
oy = 2F —J be the gram matrix corresponding to computing
a boolean function f in the phase.

Claim V.1. Let d = Adv*(F). For any 6, K,

EIn(6(1 + 2kd))
21n(1 + k)

Proof: Notice that J — oy = 2(J — F'), therefore (J —
or)o(J—oy) =2(J—0y),v2(J—0yf) =2and Adv*(oy) =
2Adv*(F). The claim then follows from Theorem IV.1 with
A=2 [ ]

Setting k = 1/(dd), we immediately obtain the strong
direct product theorem for oy.

k
1ok (‘7? ) >



Corollary V.2. For any 6,
. kS,
1—5k(0?k) 2 IAdV (F) .

Let f®% be the function computing the parity of k
independent copies of f. Since computing f* in the phase
is the same as generating the state af?k, we obtain the
XOR lemma from the strong direct product theorem for

oy and Claim II.6.

Corollary V.3 (XOR Lemma). For any boolean function f,
any 0 <9 <1 and any integer k > 0,

kS
Qu-grr2y2(fF) = AV (F)

B. Threshold and strong direct product theorems

Finally, we prove a threshold direct product theorem. This
will follow from Claim V.1 together with the following
threshold lemma [5, Lemma 2].

Lemma V4 ([5]). Let Yi,...,Y; € {—1,41} be random
variables, —1 < 8 < 1 and C > 0 be such that

E (H n) < cpl

€S
for all S C [k]. Let A be such that § < X\ < 1. Then
k

Pr ZYL > )\k‘| < Ceka(1/2+)\/2Hl/2+,8/2).
=1

Theorem V.5. For any function f, any 0 < § < 1, any
such that HT‘ﬁ < w <1 and any integers k, K > 0, let

Pi(x1,...,xx,) € {—1,1} be the i-th output of a T-query
algorithm for f¥), where
ko
T< ———Adv*(F

and let X = {i € [k] : Pi(x1,...,zk) = f(x;)}. Then,

Pr{|X| > k] < X FP(IH5%)

Proof: Let d = Adv*(F) and, for any ¢ € [k] and
any set S C [k], let us consider the random variables Y; =
Pi(x1,...,zx) - f(z;) € {—1,1} and the expectations g =
E([[;cg Yi)- By definition, we have

Qu—pe)2(fE) < T
Moreover, we also have from Claims I1.6 and V.1:

In(B2(1 + 2xd)!5)
4In(1 + &)

for any x > 0, which together with the previous inequality
leads to

1 s
Qu-pe)/2(f*) 2 5Q5 g (7% 2

Bs < (14 k) (1 + 2rd)~15172,

For k = (1—6)/(20d), this implies g < */%§151/2, Using
Lemma V4 with 8 =0, C = e*/K and A = 2u — 1, we
then obtain

Pr
i=1

Xk:Yi > Ak] < RAD(FRNT)

The theorem then follows from |X| = (k + Zle Y:)/2. m
In the special case u = 1, we obtain the following strong
direct product theorem for boolean functions.

Corollary V.6. For any function f, any 0 < § < 1 and any
integers k, K > 0,

ko
(k) ko *
Qlf(el/K(H\/S)/z)k(f ) > K= 9) Adv*(F) .
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